Scaling dimension of quantum Hall quasiparticles from tunneling current
  noise measurements by Snizhko, Kyrylo & Cheianov, Vadim
Scaling dimension of quantum Hall quasiparticles from tunneling current noise
measurements
Kyrylo Snizhko1, 2 and Vadim Cheianov2
1Physics Department, Taras Shevchenko National University of Kyiv, Kyiv, 03022, Ukraine
2Department of Physics, Lancaster University, Lancaster, LA1 4YB, UK
Determination of properties of quasiparticle excitations is an important task in the experimen-
tal investigation of the fractional quantum Hall effect (FQHE). We propose a model-independent
method for finding the scaling dimension of FQHE quasiparticles from measurements of the electric
current tunneling between two FQHE edges and its noise. In comparison to the commonly used
method based on measuring the tunneling current only, the proposed method is less prone to the
errors due to non-universal physics of tunnel junctions.
INTRODUCTION
The fractional quantum Hall effect (FQHE, fractional
QHE) has long been known to occur due to electrons
forming a strongly correlated topologically ordered state
[1]. While the bulk of this state has a gap, gapless exci-
tations are always present at the FQHE edge. The exci-
tation spectrum and dynamical properties of these edge
modes can be encoded in an effective low-energy theory.
Such theories, called Chiral Luttinger Liquids (CLL) [2],
provide a powerful theoretical framework for the descrip-
tion of the fractional quantum Hall effect (FQHE). How-
ever, for a given filling factor ν there may exist several
candidate theories predicting the same value of the Hall
conductance, but possessing different excitation spectra
(e.g., they may differ by whether non-Abelian quasiparti-
cles are present or by the number of transport channels).
Probably, the most studied example of such a variety of
models is the much debated ν = 5/2 state [3–5], first ob-
served in the distant 1987 [6]. In such a situation, the
foremost task in the investigation of the FQHE state is
to discriminate between the candidate theories.
An important characteristic of an edge theory is the
spectrum of local quasiparticle excitations. Each quasi-
particle is characterized by several quantum numbers, of
which two are important for the present paper: the elec-
tric charge and the scaling dimension. These quantum
numbers can, in principle, be determined in experiments
involving tunneling of quasiparticles between two FQHE
edges. In this article we discuss weak quasiparticle tun-
neling through the FQHE bulk in a quantum point con-
tact (QPC). In this case the quasiparticle with the small-
est scaling dimension (the most relevant quasiparticle)
gives the most important contribution to transport. One
can hope to extract the charge and scaling dimension
of the particle from transport measurements in such a
system. Even such a limited amount of data as the prop-
erties of the most relevant quasiparticle can significantly
reduce the number of candidate theories. This can be
seen, for example, from the theoretical study of Ref. [5],
relating to the ν = 5/2 state.
It is, in principle, possible to extract the charge and the
scaling dimension from the tunneling current measure-
ments only (see the experimental work of Refs. [7, 8] and
references to theory therein). Though, it is well known
(see e.g. [9–11] and references therein) that the depen-
dence of the tunneling current on the applied bias volt-
age in electrostatically confined QPCs strongly disagrees
with the predictions of theoretical models. Even in the
simplest FQHE case of ν = 1/3 experimental and theo-
retical curves agree only qualitatively but not quantita-
tively (see e.g. Ref. [12]).1 One of the simplest possible
explanations of this is that tunneling amplitudes depend
on the applied bias voltage in an unknown non-universal
way due to electrostatic effects resulting in changing of
the tunneling barrier form. Other possible explanations
tell that the tunneling operator scaling dimension gets
renormalized due to (a) interaction with additional de-
grees of freedom (such as phonon modes [14] or 1/f noise
[15]), (b) Coulomb interaction between different parts of
the FQHE edge at the QPC [16]. For the most of this
paper we stick to the former explanation, we briefly dis-
cuss the effects of other explanations on our results in
section III.
Thus, the charge and scaling dimension extracted from
the measurements of tunneling current only are prone to
large systematic errors. Another popular observable to
look at is the tunneling current noise and related quan-
tities (see e.g. [17–20]). However, analysing noise only is
also prone to errors due to non-universal physics at the
QPC.
The natural solution is to analyse the tunneling cur-
rent and its noise simultaneously which would allow one
to exclude some of the non-universal physics. Indeed,
it is analysing the noise and the tunneling current to-
gether (namely their ratio at large bias voltages — the
Fano factor) that allowed confirmation of the fractional
charge of quasiparticles in the ν = 1/3 FQHE for the first
time [21, 22]. Only several years later was the fractional
charge in the ν = 1/3 state observed by another method
1 Moreover, in the case of ν = 1 the experimental curves also
deviate from the behaviour one would expect theoretically [13].
Ref. [13] explains this by emergence of isles of fractional QHE in
the QPC region. However, phenomenologically one can interpret
this as the bias voltage dependence of the tunneling barrier form
that determines tunneling between the ν = 1 edges.
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2[23]. Also for more complicated states like ν = 2/3, con-
sidering the ratio of the tunneling current noise to the
tunnleing current allows one to reduce significantly the
influence of non-universal physics at the QPC (assum-
ing that the non-universal physics results in an unknown
dependence of the tunneling amplitudes on the applied
bias voltage, but not in the scaling dimension renormal-
ization) [24].
In this paper we focus on the possibility to extract the
scaling dimension of the most relevant quasiparticle from
such a ratio, paying particular attention to the ν = 1/3
case as the simplest one. The structure of the paper is
as follows. In section I we introduce the model we are
considering and show how the data on the tunneling cur-
rent noise and the tunneling can be used to extract the
tunneling quasiparticle scaling dimension. Then in sec-
tion II we compare our results, which are perturbative
in quasiparticle tunneling, with the exact solution avail-
able for ν = 1/3. Finally, in section III we discuss the
experimental conditions necessary to extract the scaling
dimension using our method (subsection III.1) and how
our method is going to be affected by the effects recently
predicted or reported (subsection III.2).
I. SCALING DIMENSION FROM THE NOISE
TO TUNNELING RATE RATIO
We consider the following experimental setup (see
Fig. 1). There are two quantum Hall edges, each support-
ing the same set of excitation modes. By an excitation
mode we mean a channel in which long-lived excitations
propagate in one direction with the same velocity. We
call the propagation direction of a mode its chirality. The
set of excitation modes includes a charge carrying mode
or, possibly, several such modes, all having the same chi-
rality, and some (possibly, none) neutral modes (that is
the modes that do not carry electric charge). Neutral
modes can have different chiralities. The two edges are
far apart from each other except for the quantum point
contact region where they come close to each other and
quasiparticle tunneling processes take place. Yellow rect-
angles are the Ohmic contacts, which absorb everything
that flows into them. Contacts Ground 1 and Ground 2
are grounded. Contact Source S is used to inject direct
electric current (DC) Is into the lower edge, and contact
Voltage probe is used to measure the electric current flow-
ing into it and the current noise at zero frequency. All
components of the system have absolute temperature T0.
In Ref. [24] we discussed a framework that allows one
to deal with such experiments. Now we briefly recall it,
and then we write out our results. For simplicity, we
concentrate on the case of the Abelian FQHE edge mod-
els. However, our results can be readily generalized for
a wide class of non-Abelian FQHE edge models, includ-
ing the ones corresponding to the Moore-Read Pfaffian
and anti-Pfaffian (in the disorder-dominated phase [3, 4])
Figure 1: A realistic setup of tunneling current noise
measuring experiment. (Color online). Current Is in-
jected from the Ohmic contact Source S to the lower edge
charged mode(s), changing its (their) chemical potential(s).
Tunneling of the quasiparticles at the constriction induces
extra noise in the charged mode of the lower edge which is
detected at the Voltage probe.
states.2
A single edge (the upper one for definiteness) is de-
scribed by N bosonic fields ϕi with i = 1, ..., N , each
representing an edge mode. In the absence of electric
field along the edge the fields can be described by the
action
S =
1
4pi
∫
dxdt
∑
m
(
−χm∂xϕm∂tϕm − vm(∂xϕm)2
)
,
(1)
where χm = ±1 represent chiralities of the modes (plus
for left-movers and minus for right-movers direction), and
vm > 0 are the modes’ propagation velocities. Without
loss of generality, we put χm = +1 for m = 1, ..., Nl and
χm = −1 for m = Nl + 1, ..., N (Nl is thus the number
of left-moving modes).
The electric current Jµ (J0 is the electric charge den-
sity, J1 is the electric current flowing along the edge) has
the form
Jµ =
1
2pi
∑
m
qmε
µν∂νϕm, (2)
where the symbol εµν denotes the fully antisymmetric
tensor with µ, ν taking values t and x (or 0 and 1 respec-
tively) and εtx = ε01 = 1. The numbers qi should satisfy
the constraint [25, 26]∑
m
χmq
2
m = ν. (3)
We restrict our consideration to the case qm = 0 for
m = Nl + 1, ..., N , i.e. only left-propagating modes can
2 See Appendix A for a detailed discussion of this issue.
3carry electric charge.3
The quantized fields ϕm obey the commutation rela-
tions
[ϕm(x, t), ϕm′(x
′, t′)] = −ipisgn(Xm −X ′m) δm,m′ , (4)
where Xm = −χmx+ vmt.
The edge supports quasiparticles of the form
Vg(x, t) =
(
L
2pi
)−∑m g2m/2
: exp
(
i
∑
m
gmϕm(x, t)
)
:,
(5)
which are important for the processes of tunneling at the
QPC (L is the edge length). The notation : ... : stands
for the normal ordering, g = (g1, ..., gN ), and gm ∈ R are
the quasiparticle quantum numbers. The quasiparticles’
quantum numbers are quantized, i.e. the set of allowed
vectors g is discrete. The quasiparticle’s two most im-
portant quantum numbers, the electric charge Q and the
scaling dimension δ, are equal to
Q =
∑
m
χmqmgm, (6)
δ =
1
2
∑
m
g2m. (7)
We model the QPC by the following Hamiltonian that
describes tunneling of quasiparticles between the two
edges:
HT =
∑
g
ηgV
(u)†
g (0, t)V
(l)
g (0, t) + h.c., (8)
where the superscripts (u), (l) label quantities relating
to the upper and the lower edge respectively, ηg are the
tunneling amplitudes. Since both general theoretical ar-
guments and Monte Carlo simulations [27] suggest that
the contributions of the quasiparticles with greater scal-
ing dimensions are strongly suppressed at low enough
energies, in our model the sum runs over the quasipar-
ticles with the smallest scaling dimension δ only. In the
following we label such quasiparticle types by i = 1, ..., n,
with the quasiparticle electric charges being Qi (in the
units of the elementary charge e), their common scal-
ing dimension being δi = δ, and the full set of quantum
numbers being gi.
The current I flowing into Voltage probe contact (see
Fig. 1) is equal to J1 component of the current Jµ, de-
fined in Eq. (2), taken at some point to the right of the
QPC along the lower edge. Let us denote the operator
of this current as Iˆ(t). Then the average current flowing
into Voltage probe is I = 〈Iˆ(t)〉. It is also convenient to
introduce operator δ̂I(t) = Iˆ(t)− I.
3 Our reasons for such a restriction are briefly discussed in Ap-
pendix A.
If there is no tunneling at the QPC, the I is equal to
the current Is injected at Source S. As soon as there is
tunneling, some part of the quasiparticles will not reach
Voltage probe with Is − I = IT being the tunneling cur-
rent. We define two quantities:
• tunneling rate r = IT /Is;
• measured current noise
S(ω) =
∞∫
−∞
dτ exp
(
iωτ
)1
2
〈{
∆I(0),∆I(τ)
}〉
, (9)
where {. . . } denotes the anti-commutator, and
∆I = I − 〈I〉.
In what follows we only use the zero-frequency noise
S(ω = 0). It is also convenient to talk about the excess
noise
S˜(ω = 0) = S(0)− SNyquist(0) = S(0)− ν
2pi
T0, (10)
where T0 is the system temperature.
Applying the framework outlined above to the exper-
imental setup described in the beginning of this section,
in the lowest non-trivial order perturbation theory in the
tunneling Hamiltonian (8), we find the tunneling rate r
and the excess noise at zero frequency S˜(ω = 0)4:
r =
4e(pikBT0)
4δ−1
Is~4δ+1
∑
i
κiGi, (11)
S˜(0) =
4e2(pikBT0)
4δ−1
~4δ+1
∑
i
κiFi, (12)
Gi = sin 2piδ
∞∫
0
dt
Qi sinQijst
(sinh t)4δ
(13)
Fi = F
TT
i cos 2piδ −
2
pi
F 0Ti sin 2piδ, (14)
FTTi = Q
2
i lim
ε→+0
 ε1−4δ
1− 4δ +
∞∫
ε
dt
cosQijst
(sinh t)4δ
 (15)
F 0Ti =
∞∫
0
dt
Q2i t cosQijst
(sinh t)4δ
(16)
4 Here we restore the elementary charge e, the Planck constant ~,
and the Boltzmann constant kB , which we had put to 1 in the
formulae above.
4js =
Is
I0
, I0 = ν
e
h
pikBT0, (17)
where T0 is the system temperature, e is the elemen-
tary charge, h = 2pi~ is the Planck constant, kB is
the Boltzmann constant, ν is the filling factor, κi =
|ηgi |2
∏
m v
−2(gim)2
m , and i enumerates different quasipar-
ticles participating in tunneling. We remind the reader
that Qi are the electric charges of the quasiparticles and
δ is their common scaling dimension. The formulae (13),
(15), (16) are correct for δ < 1/2, for δ ≥ 1/2 they should
be modified. However, typically the quasiparticles con-
tributing to the tunneling processes are predicted to have
δ < 1/2.
In practice, experimental data rarely agrees with the
predictions of Eq. (11) (see Refs. [9–13]).5 One of the
simplest explanations of this is that the tunneling am-
plitudes, and therefore the parameters κi, have some un-
known non-universal dependence on the current Is, which
complicates a comparison of experimental data with the
theory. However, consideration of the ratio of the excess
noise to the tunneling rate (NtTRR)
X(Is) =
S˜(0)
r
= eIs
∑
i κiFi∑
i κiGi
(18)
allows one to exclude the unwanted non-universal de-
pendence in the case of one quasiparticle type dominat-
ing tunneling and reduce its influence in the case when
several quasiparticles participate in the tunneling pro-
cesses.6
Consider the large-Is limit of Eq. (18). For |Is|  I0
5 Although the data of Refs. [7, 8] agrees with similar theoretical
predictions strikingly well, the values of quasiparticle charge Q
and scaling dimension δ do not coincide with the ones predicted
by theory.
6 In the case of only one quasiparticle participating in tunneling
the sum in both the numerator and the denominator consists of a
single term and, therefore, the parameter κ1 cancels out. A sim-
ilar cancellation happens when the tunneling quasiparticles form
a multiplet with the same electric charge and scaling dimension
(so all the Fi functions coincide, as do the Gi functions). This
happens, for example in the Jain states for ν = p/(2p+1), p ≥ 2.
In the case of several essentially different quasiparticles tunneling
such a nice cancellation does not happen. However, by multiply-
ing both the numerator and the denominator with κ−11 one can
show that the independent non-universal parameters that enter
the NtTRR are not κi but rather the ratios of κi/κ1. Therefore,
the number of independent non-universal parameters entering
the NtTRR is reduced by one compared to pure excess noise or
pure tunneling current. Moreover, in our recent study [24] we
found that the experimental data of Ref. [19] regarding ν = 2/3
can be described very well assuming that the ratios of κi/κj are
constant.
one gets7
X(Is)
∣∣|js|1 = eIs∑i κiFi∑
i κiGi
=
= e|Is|
∑
i κiQ
4δ+1
i∑
i κiQ
4δ
i
+ eI0
2− 8δ
pi
+O
(|js|−1) . (19)
This is the key result of the present paper.
The leading term of the asymptotic behaviour (19)
gives the well-known result that in the regime of weak
tunneling the gradient of the noise to tunneling rate ratio
is equal to the tunneling quasiparticle’s charge. Here it is
some average of the charges in the case of several quasi-
particles participating in tunneling. Note the sublead-
ing term: constant offset contains information about the
quasiparticles’ scaling dimension. It is important that all
the quasiparticles which significantly contribute to tun-
neling have the same scaling dimension.
Thus, in principle, by fitting large-Is experimental data
with a linear function one can find not only the ”effec-
tive charge” of the tunneling quasiparticles but also their
scaling dimension (which is the same for all of the most
relevant quasiparticles).
However, as we mentioned above, the parameters κi
related to the quasiparticles’ tunneling amplitudes often
depend on the current Is in a non-universal way. There-
fore, Eq. (19) is not useful in the case of several different
quasiparticle charges as the gradient of the leading term
may depend on Is. From now on we concentrate on the
case when all the charges of the quasiparticles contribut-
ing to tunneling are equal: Qi = Q. Examples include
the states of Laughlin series, the Moore-Read Pfaffian,
Jain’s ν = 2/5 state etc. Then, independently of κi,
X(Is)
∣∣|js|1 = eQ|Is|+ eI0 2− 8δpi +O (|js|−1) . (20)
Let us note that in this case it is possible to write a
simple analytic expression for the NtTRR (18) (not just
the large-Is asymptote)
8:
X(Is) |Qi=Q =
2eQIs
pi
Im
[
ψ
(
2δ +
iQjs
2
)]
, (21)
where the digamma function ψ(x) = (ln Γ(x))′ is the log-
arithmic derivative of the Euler gamma function Γ(x),
and Im[...] denotes taking of the imaginary part. Along-
side the asymptotic expression (20), the full expression
(21) can also be used to extract the scaling dimension δ
from experimental data.
We note that unlike Eqs. (13), (15), (16), results (19),
(20), (21) are valid for any δ > 0.
7 See Appendix B for derivation.
8 Derivation is given in Appendix C.
5II. EXACT RESULTS FOR ν = 1/3 AND THE
CONDITIONS TO EXTRACT THE SCALING
DIMENSION BY PERTURBATIVE FORMULAE
In this section we concentrate on the filling factor
ν = 1/3, the simplest FQHE state. We compare our per-
turbative results presented in the previous section with
the exact solution [28–30] available for this case in order
to find the conditions when our results are reliable to use.
The minimal edge model for this filling factor has only
one edge mode represented by the chiral bosonic field and
can be constructed in the way described in section IV of
Ref. [24]. The electric charge and the scaling dimension
of the only most relevant quasiparticle in this model are
respectively equal to Q = 1/3, δ = 1/6.
This model is believed to give the correct description of
the FQHE at ν = 1/3. However, there is surprisingly lit-
tle experimental evidence directly confirming this belief.
While the charge of the most relevant quasiparticle has
been confirmed long time ago [21–23], this is not true for
its statistics or other properties of the model.9 Therefore,
finding the most relevant quasiparticle’s scaling dimen-
sion, using the method described in the previous section,
would be an important check of validity of the minimal
model.
We concentrate on the case of zero temperature of the
system (T0 = 0), for which analytic expressions are avail-
able. The finite temperature case requires solution of
thermodynamic Bethe anzatz equations and is beyond
the scope of this work.
The exact answer for the tunneling rate r = IT /Is at
zero temperature is as follows [29]:
r
(|Is| > Ξeζ) = ν ∞∑
n=1
An(ν)
( |Is|
Ξ
)2n(ν−1)
, (22)
r
(|Is| < Ξeζ) =
1− ν−1
∞∑
n=1
An(ν
−1)
( |Is|
Ξ
)2n(ν−1−1)
, (23)
An(x) = (−1)n+1
√
piΓ(nx)
2Γ(n)Γ(3/2 + n(x− 1)) , (24)
ζ =
1
2
ln (1− ν) + ν
2(1− ν) ln ν. (25)
The tunneling amplitude of the only tunneling quasi-
particle η, the parameter κ ∝ |η|2 in the perturbative
9 Moreover, recently there has been a report [31], results of which
may be interpreted as a signature of presence of additional neu-
tral modes in the ν = 1/3 FQHE. However, in the present work
we are not going to discuss this evidence.
formulae (11), (12), and the parameter Ξ here are re-
lated: Ξ ∝ |η|1/(1−ν). Thus, Ξ characterizes the tunnel-
ing strength. The restrictions on |Is| in the formulae (22),
(23) represent the radii of convergence of the series.10
According to Ref. [29], at zero temperature the excess
noise at zero frequency S˜(ω = 0) is connected to the
tunneling rate r via
S˜(ω = 0, Is) =
νe
2(1− ν) |Is| × Ξ
∂
∂Ξ
r(Is). (26)
The explicit series are
S˜
(
ω = 0, |Is| > Ξeζ
)
=
ν2e|Is|
∞∑
n=1
nAn(ν)
( |Is|
Ξ
)2n(ν−1)
, (27)
S˜
(
ω = 0, |Is| < Ξeζ
)
=
ν−1e|Is|
∞∑
n=1
nAn(ν
−1)
( |Is|
Ξ
)2n(ν−1−1)
. (28)
It is easy to recognize expansion in the orders of the
tunneling amplitude η in the formulae (22), (27). Tak-
ing only the first term in the sums in Eqs. (22), (27) one
should recover the lowest order perturbation theory re-
sult for the regime of weak tunneling. This is indeed
the case.11 Note that while the perturbative NtTRR
Xpert(Is) = S˜pert (ω = 0, Is) /rpert (Is) does not depend
on the value of the tunneling amplitude η (or Ξ, which is
equivalent), the exact NtTRR does.
We now compare the exact answers with the pertur-
bative ones. Fig. 2 shows the comparison of the per-
turbative and the exact answers for the tunneling rate.
For tunneling rates12 not exceeding 0.2 the two answers
are reasonably close. Note, that knowing the tunneling
rate at a certain value of the current Is one can find the
corresponding value of the tunneling amplitude Ξ.
Fig. 3 shows the comparison of the perturbative and
the exact answers for the noise to tunneling rate ratio.
Since the temperature T0 = 0 the perturbative answer
for NtTRR is just Xpert(Is) = eQ|Is|.
Fig. 4 shows the relative deviation of the lowest order
perturbative results for the tunneling rate and NtTRR
10 In Ref. [29] the definition of ζ (which is called ∆ there) contains
a misprint. However, one can check and find that the radius of
convergence of the series leads to the definition of ζ presented
here.
11 There is a small subtlety here. To adapt the perturbative answers
(11)-(17) for T0 = 0 one should take the limit T0 → 0 which
coincides with the limit |js| >> 1. Then up to a factor one
recovers the expression one can get from taking only the first
term in the sums in Eqs. (22), (27). This factor is related to the
proportionality factor between Ξ and |η|1/(1−ν).
12 We remind that the tunneling rate lies between 0 and 1 by defi-
nition.
6Figure 2: Tunneling rate at ν = 1/3. Perturbative an-
swer vs exact answer. (Color online). The red dot-dashed
curve is the exact tunneling rate given by Eqs. (22), (23). The
green solid curve is the lowest order perturbation theory an-
swer for the tunneling rate, which can be obtained by taking
only the first term in the sum in Eq. (22). We remind the
reader that the system temperature is equal to T0 = 0.
Figure 3: Noise to tunneling rate ratio at ν = 1/3. Per-
turbative answer vs exact answer. (Color online). The
red dot-dashed curve is the exact NtTRR plotted using the
Eqs. (22)–(28). The green solid curve is the lowest order per-
turbation theory answer for the NtTRR, which can be ob-
tained by taking only the first term in the sums in Eqs. (22),
(27). We remind the reader that the system temperature is
equal to T0 = 0.
from the exacts ones. The horizontal axis is the exact
tunneling rate. The relation between the exact tunneling
rate and |Is|/Ξ can be seen from Fig. 2. It is interesting
to note that for a given tunneling rate the error of the
perturbative NtTRR is generally greater than the error
of the perturbative tunneling rate.
While the comparison made in Figs. 2, 3, 4 gives one an
idea of how important the higher order corrections are,
the curve representing the exact result in Fig. 3 should
be taken with a grain of salt in the experimental context.
Figure 4: Relative errors of the lowest order pertur-
bative results for the tunneling rate and NtTRR at
ν = 1/3 as functions of the exact tunneling rate. (Color
online). The black solid curve is the relative deviation of the
perturbative result for the tunneling rate from the exact one.
The grey dashed curve is the relative deviation of the pertur-
bative result for the NtTRR from the exact one.
This is because the tunneling amplitude Ξ in a real ex-
periment exhibits a non-universal dependence on Is. It
is not untypical that experimentalists work in the regime
of constant tunneling rate (see, e.g., [19]). As can be seen
from Fig. 2, this regime corresponds to the ratio |Is|/Ξ
being constant.
Fig. 5 shows the comparison of the perturbative and
the exact answers for the noise to tunneling rate ratio for
|Is|/Ξ = 2. Since the temperature T0 = 0, the pertur-
bative answer for the NtTRR is just Xpert(Is) = eQ|Is|.
The exact answer in the regime |Is|/Ξ = const is equal
to Xexact(Is) = eQ
∗|Is|. So the exact answer differs from
the perturbative one by the gradient value determined
by the ”effective charge” Q∗. As can be seen from Fig. 6,
in the limit of infinitely small tunneling rate the effective
charge coincides with the true charge of the tunneling
quasiparticle: Q∗ → Q = 1/3. However, at non-zero
tunneling rate the charges do not coincide: Q∗ < Q.
Although, at the moment we are not able to esti-
mate the deviation of the perturbative answer for Nt-
TRR from the exact one at non-zero temperature, the
observation that has just been made allows us to formu-
late some qualitative conditions for the applicability of
formula (20). Namely, one can compare the difference
between the answers at zero temperature e(Q − Q∗)|Is|
at maximum value of |Is| that is going to be used with
the term eI0(2− 8δ)/pi = (2− 8δ)kBT0νe2/h in Eq. (20),
where T0 is the system temperature.
For example, at T0 = 10 mK for |Is|/Ξ = 2 (which
corresponds to the tunneling rate r ≈ 26%) at Is = 1 nA
for Lauglin quasiparticle (Q = 1/3, δ = 1/6) the term
containing δ is about three times smaller than the error
e(Q − Q∗)|Is|. Therefore, finding the scaling dimension
of the Laughlin quasiparticle with the help of Eq. (20) is
not possible under these experimental conditions.
7Figure 5: Noise to tunneling rate ratio at ν = 1/3. Per-
turbative answer vs exact answer in the regime of con-
stant tunneling rate. (Color online). The red dot-dashed
curve is the exact NtTRR plotted using the Eqs. (22)–(28) for
Ξ = 0.5|Is|. The green solid curve is the lowest order pertur-
bation theory answer for the NtTRR, which can be obtained
by taking only the first term in the sums in Eqs. (22), (27).
We remind the reader that the system temperature is equal
to T0 = 0.
Figure 6: Dependence of the effective charge Q∗ on the
tunneling rate for ν = 1/3. (Color online). The black solid
curve is the dependence of the effective charge Q∗ found from
the exact NtTRR on the tunneling rate. The blue dashed
line shows the value of the true charge Q = 1/3 of the tun-
neling quasiparticle. We remind the reader that the system
temperature is equal to T0 = 0.
For quite typical experimental values of T0 = 30 mK
and Is = 1 nA the error term does not exceed (2 −
8δ)kBT0νe
2/h for r ≤ 27% and does not exceed 0.1 ×
(2−8δ)kBT0νe2/h for r ≤ 4%. When e(Q−Q∗)|Is| is 10
times smaller than the term containing δ, one can hope
to find δ with a reasonably small error. Thus, if the qual-
ity of the experimental data at r ≈ 4% is high enough, it
should be possible to find δ reasonably accurately (with
the systematic relative error ≈ 10-20% due to (a) differ-
ence between the exact answer and the perturbative one
and (b) difference between the perturbative answer and
its large-Is asymptotic behaviour) by fitting the experi-
mental data for NtTRR with Eq. (20). One can eliminate
the second source of systematic error by using the full
formula (21) instead of the asymptotic expression (20).
Apart from that, the deviation of the effective charge
Q∗ from the quasiparticle charge Q at higher values of the
tunneling rate r gives an opportunity to further check the
edge model and the tunneling contact model at ν = 1/3.
III. DISCUSSION
III.1. What experimental conditions are necessary
for successful extraction of the scaling dimension?
Now we discuss the possibility to extract the scaling
dimension from real experimental data. The result (19)
shows that it is, in principle, possible to extract the scal-
ing dimension of the tunneling quasiparticles from ex-
perimental data on noise to tunneling rate ratio without
knowing fully the specific edge theory. However, there
are a few practical aspects which should be discussed.
First of all, the parameters κi related to the quasipar-
ticles’ tunneling amplitudes depend on the current Is in
a non-universal way. Therefore, Eq. (19) is not useful
in the case of several different quasiparticle charges as
the gradient of the leading term depends on Is. There-
fore, we concentrate on the case when all the charges
of the quasiparticles contributing to tunneling are equal:
Qi = Q. Examples of such states include the Laughlin
series, the Moore-Read Pfaffian, Jain’s ν = 2/5 state etc.
In this case one can use either Eq. (20) and extract the
scaling dimension from large-Is asymptotic behavior of
the NtTRR, or Eq. (21) and analyse the whole depen-
dence of the NtTRR on Is.
Second, we would like to emphasize that while the term
containing δ in Eq. (20) is proportional to the system
temperature T0, it is distinguishable from the Johnson-
Nyquist noise SNyquist(0) = νT0(2pi). Indeed, the full
noise
S(0) = SNyquist(0) + rX(Is). (29)
Therefore, the terms we are interested in depend on the
tunneling rate r, while the Nyquist noise does not. More-
over, expression (20) is the large-Is asymptote of the Nt-
TRR, while the Nyquist noise is present independently
of Is, and at Is = 0 is the only noise present:
X(Is = 0) = 0⇒ S(0) |Is=0 = SNyquist(0). (30)
Thus, the Nyquist noise can be subtracted at Is = 0
without confusing it with the second term in Eq. (20).
There is, however, a technical problem. The term
we are interested in a constant offset of the large-
current asymptote of S(0) which is much smaller than
the Nyquist noise one has to subtract. Therefore, a small
error in the subtracted value of SNyquist(0) can lead to
8Figure 7: Noise to tunneling rate ratio vs its asymp-
totic behaviour. (Color online). The green solid curve is the
NtTRR (21) for Q = 1/3, δ = 1/6. The cyan dashed curve is
the large-Is asymptote of the NtTRR (20) for the same values
of Q and δ. The asymptote almost coincides with the original
curve for |Is| ≥ 3I0.
a huge error in the determined δ. It this context, using
the full expression for the NtTRR (21) rather than its
asymptote (20) can be advantageous.
The third issue is that the dynamics of the system
changes near a characteristic energy scale in the FQHE
system. Namely, there is a bulk gap ∆. As the typical
energies of the system exceed ∆, bulk dynamics starts
being involved. Thus, one should restrict oneself to
|Is| . ν e
h
pi∆. (31)
Deviations from our theory can be expected beyond this
threshold.13
The fourth issue is the lower validity bound for the
asymptotic expression (20). Fig. 7 shows the comparison
of the NtTRR (21) against its asymptotic behaviour (20)
for Q = 1/3 and δ = 1/6. These parameters correspond
to the most relevant quasiparticle of the simplest ν = 1/3
edge model. As one can see, for |Is| ≥ 3I0 the exact
NtTRR and its large-Is asymptote almost coincide.
To estimate how close the asymptote and the original
curve are we have done some fitting. Namely, we took
part of a part of the original curve with |Is| between αI0
and 10I0 and fitted it with (20) using Q and δ as fitting
parameters. For α ≥ 3 the fitted charge and scaling di-
mension deviate from their correct values by less than
1% and 11% respectively. This gives an idea of how ac-
curate the estimates of Q and δ obtained from fitting
13 In some recent works, e.g. [15, 32–34], it is argued that the neu-
tral mode energy cutoffs, which can be smaller than the bulk gap
∆, should be introduced to explain some of the observed effects.
In that case these cutoffs should also be taken into account. We
discuss this issue in more detail in subsection III.2.
experimental data with formula (20) can be if there are
no other sources of errors.
Thus, one can use the asymptotic expression (20) for
|Is| & αI0, where α is on the order of 1. The exact value
of the multiplier α depends on the values of Q and δ.
Of course, this issue does not arise if one uses the full
expression (21).
Note that the greater is I0 the more significant is the
term containing the scaling dimension in Eq. (20). At the
same time, the less is the interval ν ehpi∆ & |Is| & αI0.
Thus, the choice of the system temperature should be a
matter of trade-off between these two restrictions in order
to allow as good determining of the scaling dimension δ
as possible.
Fifth. The expressions (20), (21) are valid only when
the contribution of less relevant quasiparticles (with
greater scaling dimensions) to the tunneling processes
can be neglected. Otherwise the corrections due to less
relevant quasiparticles can hinder finding the scaling di-
mension using the large-Is NtTRR behaviour. Unfortu-
nately, there are no known reliable ways to estimate the-
oretically how significant these corrections are. However,
general theoretical arguments, as well as recent Monte
Carlo simulations [27], show that the tunnelling ampli-
tude of a quasiparticle with scaling dimension δ is propor-
tional to (L/lB)
−2δ, where lB is the magnetic length, and
L is the edge length. The typical experimental values of
these parameters are lB ≈ 10 nm, L ≈ 10 µm, suggesting
that the contribution of less relevant quasiparticles can
usually be neglected. However, to be on the safe side,
one can estimate them in practice by comparing exper-
imental data with different possible theoretical answers
for NtTRR (the answers including and not including less
relevant quasiparticles).
The sixth issue is related to measurement errors. Scal-
ing dimension enters Eq. (20) as a subleading term. Thus,
finding the scaling dimension demands a very high qual-
ity experimental data with very small statistical errors.
The NtTRR errors can be made less significant by using
greater values of the tunneling rate. This, however, wors-
ens the accuracy of theoretical result (20) which was de-
rived perturbatively in the limit of small tunneling rate.
Therefore, the choice of the strength of tunneling in ex-
perimental data should be balanced between worsening
the applicability of the theory and improving the quality
of data for NtTRR.
The latter observation brings up the seventh issue. The
theoretical result (20) was derived perturbatively in the
limit of weak tunneling of the quasiparticles. One can
reasonably expect that if the tunneling rate is about,
e.g., 10% the next perturbative correction to (and the
inaccuracy of) the NtTRR should also be about 10%.
While such an inaccuracy would bring about an error of
the same order to the determined charge Q, the effect on
the subleading term may be much more significant. This
imposes a strong restriction on the value of the tunneling
rate as is elaborated in section II. There we find that
for ν = 1/3 the error of the perturbative formulae is
9smaller than one could expect a priori. In particular, for
ν = 1/3 and typical experimental parameters one needs
the tunneling rate r . 5% in order to introduce no more
than 10% error to the δ-containing term.
Finally, we have to comment on the issue of finite fre-
quency in the real noise measurements. Indeed, in typical
experiments (see, e.g., Refs. [19, 21, 22, 31, 35, 36]) the
current noise is measured at finite frequencies ω . 1MHz
in order to reduce the influence of 1/f noise. The finite
frequency of noise introduces corrections to our formu-
las. However, we estimate those corrections to be 2 to 3
orders of magnitude smaller than the δ-containing term
at typical experimental conditions. Therefore, we neglect
those corrections.
To summarize, the NtTRR (21) and its large-Is asymp-
totic behaviour (20) can be used to find the scaling di-
mension of the most relevant quasiparticle. One should,
however, take care to choose the appropriate parametric
regime in order to reduce errors. With ideal experimen-
tal data at realistic experimental conditions it should be
possible to extract the scaling dimension to about 10-20%
accuracy.
III.2. Relation to other developments in the field
We performed our analysis with some assumptions re-
garding the physics of the FQHE edge theory and the
QPC. However, both the experimental data and theo-
retical studies suggest that a more complicated picture
than we used is necessary to analyze the tunneling ex-
periments. Here we comment on how such complications
are going to affect our proposed method for finding the
most relevant quasiparticle scaling dimension.
First of all, we assumed that the non-universal physics
at the QPC involves the tunneling amplitudes only. How-
ever, several works proposed mechanisms that would lead
to a renormalization of the tunneling operator scaling di-
mension in a sample-dependent way (and, possibly, also
dependent on the tunable system parameters such as bias
voltage) [14–16]. If the renormalization of the scaling di-
mension does happen in the system in a bias voltage in-
dependent way, then our method is still applicable but
the determined scaling dimension will be the renormal-
ized one. This would open up a possibility to study the
non-universal physics leading to the renormalization in
a quantitative way. If, conversely, the renormalization
strength changes with the bias voltage (or with the cur-
rent Is, which is essentially the same), then our method
is no longer applicable.
Second, there have been experiments reporting that
the effective charge of tunneling quasiparticles (which is
the leading term in the NtTRR large-Is asymptote) is not
constant but is rather a function of the system’s tem-
perature, bias voltage or other parameters [19, 35–37].
Several works proposed theoretical explanations for this.
One explanation involves introducing energy cutoffs to
the transport channels of the FQHE edge, such that the
cutoff of the neutral mode(s) is smaller than the cut-
off of the charged mode [32, 33]. Then as the energy
scale (temperature or bias voltage) becomes greater than
the neutral mode cutoff, the edge dynamics changes and
so do the quasiparticles’ scaling dimensions, leading to
a different quasiparticle contributing most to tunneling.
In the context of our work this implies that if the system
is in either of the regimes, one can use our method to
extract the scaling dimension of the most relevant quasi-
particle in the appropriate regime. If the system energy
scale is around the neutral mode(s) cutoff, then the sys-
tem is in the transition between the two regimes, and our
calculation should be modified. The typical values of the
cutoffs ωn proposed for different filling factors vary from
50mK to 200mK [15, 32, 33]. For the typical experimen-
tal parameters of temperature and bias voltage it should
be possible to investigate the low-energy regime, where
the cutoffs have little influence, for ωn & 200mK and the
high-energy regime, where the neutral modes are satu-
rated, for ωn . 50mK. The values in between, however,
would mean that one has to deal with the intermediate
regime. We note that whether the use of this double-
cutoff model is appropriate has to be decided on a case
by case basis.
Another type of explanation involves considering a re-
constructed (with additional transport channels) edge
which behaves in a different way at different energies
due to edge disorder [38]. However, between the tran-
sition energies the edge can be described by a model of
the type we have considered in this paper. Therefore,
with our proposed method one can extract the scaling
dimension of the most relevant quasiparticle in the cor-
responding regime of the edge theory.
Summarizing, there has been a number of theoretical
works which consider more complicated theories of what
happens in the tunneling experiments in order to explain
some experimental observations. The model we have con-
sidered in this paper is simpler and does not incorporate
all the elements of the proposed theories. However, in
many cases our model can describe some of the regimes
of the proposed theories, and thus our method can be
used to extract the scaling dimension of the most rele-
vant quasiparticle in the appropriate regime.
CONCLUSIONS
We propose a method for finding the scaling dimen-
sion of the most relevant quasiparticle at a quantum Hall
edge using tunneling current and tunneling current noise
measurements. The advantages of the method are (a)
reduced sensitivity to the non-universal physics of tun-
neling contacts (compared to methods based solely on
tunneling current measurements), (b) a certain degree
of model independence. By comparing our perturbative
results with the exact results of Ref. [29] in the case of
ν = 1/3 we find that our method should be applied for
small enough tunneling rates r . 5%.
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Using the exact solution of Ref. [29] at ν = 1/3 for
higher tunneling rates, we find that the effective charge
Q∗ which can be found from an experiment using stan-
dard perturbative formulae deviates from the true charge
of the most relevant quasiparticle Q. We propose to mea-
sure and study this difference in order to check the mini-
mal ν = 1/3 edge model and the tunneling contact model.
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Appendix A: How general are the answers of
section I?
In section I we obtained formulae (11)-(17) for the tun-
neling rate and the tunneling current noise within the
leading order perturbation theory in tunneling Hamilto-
nian. They were obtained for Abelian models. However,
these formulae and the calculations leading to them are
straightforward to generalize to a much wider class of
edge theories including some of the non-Abelian ones.
In section I we considered a general Abelian quantum
Hall (QH) with the only restriction that all the modes
that carry electric charge have the same chirality χi.
One typically expects this to be the case in the quantum
Hall effect. If a theory contains counter-flowing charged
modes, in the low-energy limit it can become a theory
with a set of charged modes propagating in one direc-
tion and a set of neutral modes (possibly, with different
directions of propagation) according to the mechanism
described in Refs. [39, 40].
In the case of such theories one can show that the for-
mulae (11)-(17) hold for tunneling of the quasiparticles
with δ < 1/2. For tunneling of the quasiparticles with
δ ≥ 1/2 only the formulae (13), (15), (16) should be
modified with the terms cancelling divergencies of the
integrals at t→ 0 similar to the ε1−4δ term in Eq. (15).
A more general class of QH edge theories is where the
charged sector is still described in terms of free bosons
like in Abelian theories, while the neutral sector is de-
scribed in terms of a more complicated model — some
conformal field theory (CFT). Perhaps, the most famous
example of such a model corresponds to the Moore-Read
Pfaffian state. A general scheme for construction of such
models is described in Ref. [41]. For more details on CFT
see Ref. [42]. For the purposes of the present work it suf-
fices to say that the leading order perturbation theory
results (11)-(17) hold for this class of models as well as
they do for the Abelian ones.
We emphasize that the phenomenological assumptions
regarding the interaction of the Ohmic contacts with the
edge are important for the derivation of formulae (11)-
(17). Most importantly, we assume that (a) all the exci-
tations of charged and neutral modes are fully absorbed
by the Ohmic contacts they flow into and (b) that the
lower edge temperature does not depend on the current
Is. The latter one is rarely mentioned but is crucial for
the results of the present work.
So, the formulae (11)-(17) are valid for a wide class of
typical Abelian and non-Abelian FQHE edge models.
Appendix B: Large-Is asymptotic behaviour of the
noise to tunneling rate ratio
Consider the large-Is limit of Eq. (13). For |js|  1
one gets
Gi =
js
|js|Q
4δ
i |js|4δ−1 sin 2piδ× ∞∫
0
dx
sinx
x4δ
+O
(
1
Q2i j
2
s
) =
=
js
|js|
pi
2Γ(4δ)
Q4δi |js|4δ−1
(
1 +O
(
1
Q2i j
2
s
))
, (B1)
where Γ(x) is the Euler gamma function.
Similarly, for Eqs. (15), (16), (14) in the limit |js|  1
one gets
FTTi =
pi
2Γ(4δ) cos 2piδ
Q4δ+1i |js|4δ−1×(
1 +O
(
1
Q2i j
2
s
))
, (B2)
F 0Ti =
pi(4δ − 1)
2Γ(4δ) sin 2piδ
Q4δi |js|4δ−2×(
1 +O
(
1
Q2i j
2
s
))
, (B3)
Fi =
pi
2Γ(4δ)
Q4δi |js|4δ−2×(
Qi|js|+ 2− 8δ
pi
+O
(
1
Q2i j
2
s
))
. (B4)
Using Eqs. (11), (12), (18), (B1), (B4) one finally gets
the asymptotic expression for the NtTRR (19):
X(Is)
∣∣|js|1 = S˜(0)r = eIs
∑
i θiFi∑
i θiGi
=
eIs
∑
i θi
(
Q4δ+1i |js|+Q4δi 2−8δpi +O
(
1
Qi|js|
))
js
∑
i θiQ
4δ
i
(
1 +O
(
1
Q2i j
2
s
)) =
e|Is|
∑
i θiQ
4δ+1
i∑
i θiQ
4δ
i
+ eI0
2− 8δ
pi
+O
(|js|−1) . (B5)
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Appendix C: Analytic expressions for the noise to
tunneling rate ratio
For the following derivation we need several facts
about Euler beta function B(x, y) and Euler gamma func-
tion Γ(x).
Γ(x)Γ(1− x) = pi
sinpix
, (C1)
Γ(x¯) = Γ(x), (C2)
B(x, y) =
Γ(x)Γ(y)
Γ(x+ y)
, (C3)
24δ−1B
(
1− 4δ, α
2
+ 2δ
)
=
∫ ∞
0
dt
e−αt
(sinh t)4δ
. (C4)
The bars in the second equation denote complex con-
jugation. The last identity holds for δ < 1/4 and
Re [α] /2 + 2δ > 0, where Re[...] denotes taking of the
real part. However, it can be analytically continued be-
yond these restrictions.
Using Eqs. (C1)-(C4), one can get the following ana-
lytic expressions for the functions defined in Eqs. (13),
(15):
Gi =
Qi2
4δ−2
Γ(4δ)
∣∣∣∣Γ(2δ + iQijs2
)∣∣∣∣2 sinh piQijs2 , (C5)
FTTi =
Q2i 2
4δ−2
Γ(4δ) cos 2piδ
∣∣∣∣Γ(2δ + iQijs2
)∣∣∣∣2 cosh piQijs2 . (C6)
For the function defined in Eq. (16), noting that14
F 0T =
1
sin 2piδ
∂
∂js
Gi, (C7)
one gets
F 0Ti =
Q2i 2
4δ−2
Γ(4δ) sin 2piδ
∣∣∣∣Γ(2δ + iQijs2
)∣∣∣∣2 sinh piQijs2 ×
×
(
pi
2
coth
piQijs
2
− Im
[
ψ
(
2δ +
iQijs
2
)])
, (C8)
where the digamma function ψ(x) = (ln Γ(x))′ is the log-
arithmic derivative of the Euler gamma function Γ(x),
and Im[...] denotes taking of the imaginary part.
Thus, for Fi defined in Eq. (14) we have
Fi =
Q2i 2
4δ−1
piΓ(4δ)
∣∣∣∣Γ(2δ + iQijs2
)∣∣∣∣2×
sinh
piQijs
2
Im
[
ψ
(
2δ +
iQjs
2
)]
. (C9)
Using Eqs. (11), (12), (18), one straightforwardly gets
the analytic expression for the noise to tunneling rate
ratio X(Is). In the case of coinciding charges of all the
quasiparticles participating in tunneling this expression
simplifies significantly leading to the result (21).
14 An interesting relation between this fact and the Ward identity
arising due to the conservation of electric charge was noted in
Ref. [43].
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